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The velocity of sound in real gases is commonly expressed in terms of the density and the
virial coefficients. However, an equation for the sound velocity given explicitly in terms of
the pressure (a quantity more readily measurable than the density) is not available. The
essence of this paper is to develop such an equation.

1. INTRODUCTION

The expression of the sound velocity ¥V for real gases in common use is the one derived as a
function of the density p and the virial coefficients B, C and D and their derivatives [, 2]

yi= ];JT[<1>+—(°-1)] (1)

where
® =1+ 2Bp+3Cp*+4Dp*+...,

B dB dcy , dp\ ,1?
lI’—[1+(B+TdT) (C+TdT) +(D+TdT) ]

dB d?*B dc A dD d*D
=1 —=(°— e 2 %4, el 2 3
X=1—-(y 1)[(2TdT+T FTE ) 2(2Td + 77 de)p (2TdT +T de)p ]

R is the gas constant; 7 the temperature; M the molecular weight; y the ratio of heat ca-
pacities; the superscript 0 denotes the condition of the ideal gas state; B, C, D are the virial
coeflicients appearing in the virial equation of state

Z=P|RpT =1+ Bp+ Cp*+ Dp* +++-. )

Here P is the pressure; and Z the compressibility factor.

When the virial coefficients and their derivatives are available, equation (1) can be used to
calculate the velocity of sound at a given 7" and p. However, if the velocity of sound is to be
calculated at a given 7'and P, a trial solution for p is first required before equation (1) can be
used. To overcome this difficulty an equation for the velocity of sound expressed explicitly
as a function of 7'and P must be found.

Let the equation of state be expressed as a power series in pressure

Z=P|RpT=1+B'P+C'P>*+D'P3++--, (3a)t
where [3]
= B/RT, C'=(C— BY/(RT)?, D' =(D —3CB-2B%)/(RT)’. (3b)

+ The coefficients B’, C’, D', like the virial coefficients B, C, D are functions of temperature alone, and can
be analytically shown to be related to the virial coefficients according to equation (3b).
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2. THE NEW DERIVED EXPRESSION

The velocity of sound is given by:
oP , 0P
ey ap) av) @
where v denotes the specific volume.

It is rather difficult to carry out the desired derivation starting with equation (4) as it
stands, inasmuch as (p,T") rather than (p,7) are the independent variables, but when the

reciprocal of equation (4) is taken to be the starting point, the derivation becomes easy and 4
straightforward with (p,T) as independent variables. Hence equation (4) is rewritten as
1 1 ov
SRR s THAN . '
V2 'yvz aP )T (S)
First, it is desired to obtain an expression for 1/y. This can be done with the aid of equation
(6) below [3],
dv\ 120P
c-c=15) | %), ®
in which C,and C, are the heat capacities at constant pressure and constant volume, respect-
ively.
From equation (6)
o | T [ov\ ]%0P
&yl ] %), %
When equation (7) is substituted into equation (5), therefore
1 1 (ov Lilep\ 12
=ale). oo, ] ) i

Now, it becomes a matter of expressing the quantities 0v/0P)r, 0v/0T), and C, in terms of
pressure and temperature.
From the relation

aC, 0%v
s 5?)
and equation (3a), C, can be found to be
CP=CB U, ¥
where
Y -1 dB’ ,d’B 1 dgt JPEN &
U—l———y [(ZTFT-I-T de)p+2(2TdT+T de)p - :
dD’ 242D ,
3(2TdT+T de)p # ]

Also with the aid of equation (3), the quantities dv/dP); and 0v/0T), can be evaluated.
Hence equation (5) becomes

1 M [S_(y°—1)Y]

V2~ Z2RT WU ©

and

S=1—-C'p*—2D'p* —++-

192, dc’ L dDYy L T
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Equation (9) can be converted to give

V2

:yORT[ Z:U ] -

M |YV°SU-("—-1)Y

The quantity in brackets represents the correction factor for the ideal gas behaviour, since
¥° RT/M is the velocity value for an ideal gas. It can easily be verified that the quantity in the
bracket reduces to unity at P = 0 (the state of the ideal gas).

It is also readily verified that equation (10) reduces to the following special case at very low

pressures:
O RT A
=28 2] (an

where
dB T*d*B
A=B - 1T — 0— 1) ———.
0= DT Gt & = 5
Equation (11) agrees with that derived by van Itterbeek et al. [4]. Hence equation (10) can be
viewed as a generalization of van Itterbeek’s to higher pressures.
It is to be noted that the quantities U, S and Y can readily be converted into functions
expressed in terms of the virial coefficients and their derivatives.

Denoting 2
dB d*B
Bl:T'd_T-’ BZ=T2d_7~2:
dC d:c
Cl:Tﬁ, CZ:TZE_]TQ’
dD ,d*D
Di=Tq: Di=Typz

and finding from equation (3b) the first and second derivatives of B’, C' and D’ in terms of
the virial coefficients and their derivatives, it is then possible to show that

, . .dB" )
B +TdT — B,/RT,
’ dC/ 2 2
C +Td—T={(C1 —2BB,) — (C— B?)}/(RT)?, g (12)
D'+ T% = {(D, — 3CB,-3C, B—6B2B,)—2(D —3CB—2B*}/(RT),
and
dB’  _,d*B’ 3
2T+ T* 317 = BfRT,
2r8C 4 12 e {(C, — 2BB, — 2B%) — 2[(C, — 2BB,) — (C — B)]}/(RT)?
dT d7% w2 ? ! ! ! ’ (13)
’ 2 n
2Tddl; -+ Tzd?T% ={(D,—3CB,—3C,B—6C,B, —6B*B, — lZBBf)—
— 4D, —3CB, —3C,B—6B>B,) + 6(D — 3CB— 2B3)}/(RT)".

Substitution of equations (13), (3b) and (12) respectively into the expressions for U, Sand Y
will yield the required conversion.
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3. CONCLUSION

Equation (10) presents no complications, when it is desired to determine the velocity of
sound at a given pressure and temperature. Use of equation (1) requires a trial solution for p
first. Also the present equation is a generalization of van Itterbeek’s result [4] to higher
pressures. -
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